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Rotational motions in homogeneous anisotropic elastic
media are studied under the assumption of plane wave propa-
gation. The main goal is to investigate the influences of aniso-
tropy in the behavior of the rotational wavefield. The focus is
on P-waves that theoretically do not generate rotational mo-
tion in isotropic media. By using the Kelvin–Christoffel
equation, expressions are obtained of the rotational motions
of body waves as a function of the propagation direction and
the coefficients of the elastic modulus matrix. As a result, the
amplitudes of the rotation rates and their radiation patterns
are quantified and it is concluded that 1 for strong local
earthquakes and typical reservoir situations quasi P-rotation
rates induced by anisotropy are significant, recordable, and
can be used for inverse problems; and 2 for teleseismic
wavefields, anisotropic effects are unlikely to be responsible
for the observed rotational energy in the P coda.
INTRODUCTION
Seismological studies are traditionally based on the observation,
rocessing, and inversion of three orthogonal components of trans-
ational ground motions displacement, velocity, or acceleration. In
heory, to fully describe the motion of the solid volume around a
oint, one needs to consider not only three components of translation
ut also six components of strain and three components of rotations
see Aki and Richards, 2002; Stein and Wysession, 2003; Cochard et
l., 2006.Although geophysical studies associated with translation-
l motions and strain have attained a large success, the full benefits
f rotational motions are still under investigation, and this type of
ignal has been ignored for a long time. This is mainly because sen-
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2010 Society of Exploration Geophysicists.All rights reserved.D47ors for rotational motions with sufficient resolution were not avail-
ble until recently. After advances in laser technology, instruments
hat consistently record rotational ground motions around one axis
r all three orthogonal axes have already been developed and tested
McLeod et al., 1998; Pancha et al., 2000; Schreiber et al., 2006,
009; Wassermann et al., 2009. As a consequence, studies that aim
o exploit the additional information given by collocated measure-
ents of translational and rotational ground motion are growing rap-
dly e.g., Igel et al., 2005, 2007; Cochard et al., 2006; Suryanto et
l., 2006; Pham et al., 2009a, 2009b; Ferreira and Igel, 2009; Ficht-
er and Igel, 2009; Bernauer et al., 2009. For example, several re-
ent studies covering many aspects of rotational ground motions
ave been presented in a special issue on Rotational Seismology and
ngineering Applications of the Bulletin of the Seismological Soci-
ty of America in May 2009 Lee et al., 2009b. In particular, a re-
iew by Lee et al. 2009a envisions the emergence of a new branch
n the fields of observational seismology and earthquake engineer-
ng.
Once the technology for its measurement has become available,
he key question is: What kind of information do we expect to re-
rieve from carrying out joint measurements of translations and rota-
ions — compared with just translational observations? Early stud-
es Takeo and Ito, 1997 indicate that earthquake rupture histories
an be better constrained with measurements of rotational motions.
urthermore, the multicomponent point measurements of rotational
nd translational motions allow the estimation of wavefield proper-
ies e.g., phase velocities, propagation direction; Igel et al., 2007,
ochard et al., 2006 and allow the recovery of shear-wave structure
ithout traveltime information Fichtner and Igel, 2009; Bernauer et
l., 2009 as well as constraining the scattering properties of the
ear-receiver crustal structure Pham et al., 2009b.
An aspect that has been missing in previous studies is the role that
he elastic anisotropy might play in the rotational measurements. It is
ell known that anisotropy is a ubiquitous phenomenon in the
pril 2010; published online 5 October 2010.
ental Sciences, Geophysics Section, Munich, Germany; presently Vietnam
iences, Geophysics Section, Munich, Germany. E-mail: nguyendp@igp-
nt of Marine Geology, Barcelona, Spain.
MichaelA. Schoenberg passed away on 29August 2008.
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g/arth’s crust and upper mantle. Many authors e.g., Crampin, 1981,
984; Crampin et al., 1982, 1984; Sams et al., 1993; Larner, 1993
eport the influence of anisotropic effects on seismic processing and
nterpretation. Tsvankin 1996 emphasized that progress in seismic
nversion and processing in anisotropic media depend on our ability
o relate different seismic signatures to the anisotropy parameters. In
eservoir and drilling engineering, the simultaneous determination
f the elastic coefficients and anisotropy parameters helps in predict-
ng flow paths for improved oil recovery, designing a hydraulic frac-
uring scheme, determining mud weight and selecting drill bit, and
reventing hole collapse during and after drilling Wang, 2002. At
resent, the anisotropy parameters can only be retrieved using labo-
atory measurements or arrays of standard translational seismome-
ers deployed, at least, along a line.
At the onset of this study, there are several open questions: 1
ow does anisotropy affect rotational ground motions? 2Can rota-
ional motions help to constrain anisotropic properties? 3What in-
trument configurations are necessary to extract the relevant infor-
ation? We will attempt to give preliminary answers to these ques-
ions in the following sections.
The main goal of this study is to estimate the amplitudes of the ro-
ational motions that we can expect in various geophysical problems
nd their dependence on the anisotropic properties of the medium
nd the propagation direction. We first approach the problem in an
nalytical way, focusing on the solution for plane waves in linear
lastic anisotropic media. Moreover, we provide estimates of the ex-
ected amplitudes of rotational motions induced by P-waves as a
unction of the degree of anisotropy. Last but not least, this study
onfirms the fact that anisotropy alone cannot account for the P coda
ertical rotational motions observed on a ring laser at the Fundamen-
al station in Wettzell, Germany, as reported by Igel et al. 2007 and
ham et al. 2009b.
FUNDAMENTAL THEORY
In the framework of classical elasticity, a general plane-harmonic-
ave solution for the displacement vector u of body waves is
uAn expit ·x, 1
here A is the ground displacement peak amplitude; nn1e1
n2e2n3e3 is the unit vector denoting the direction of the particle
isplacement i.e., the wavefield polarization; ei i1,2,3 are the
nit vectors along the coordinate axes; ni
ui /u1u1*u2u2*u3u3* ui /A are the direction cosines of n
nd i is the imaginary unit; superscript * represents complex conju-
ate; and z stands for magnitude of the complex number z. Further-
ore, the wavenumber vector is  /v1e12e23e3
 /vl and the quantities , v, and l1e12e23e3 are, re-
pectively, the angular frequency, the phase velocity, and the unit
ector denoting the propagation direction of the plane wave. Finally,
he direction cosines of l are denoted i.
The rotational motions generated by the plane wave expressed
y equation 1 can be calculated by taking half of the curl of the dis-
lacement field Igel et al., 2005, Cochard et al., 2006
1
2
u
A
2
in expit ·x

A
2
i
v 2n33n23n11n3
1n22n1
exp	i
t 1v l ·x . 2
he corresponding rotation rates˙ are then
˙ t
A
2
2
v 2n33n23n11n3
1n22n1
exp	i
t 1v l ·x .
3
Looking at equation 3, one can recognize that, in homogeneous
nbounded isotropic media, P-waves do not generate any rotational
otion. This is because, for P-waves, the vectors l and n are identi-
al, in opposition to S-waves, which have perpendicular l and n and
ence produce rotation motion. Hence, in unbounded isotropic me-
ia, rotations can only be the consequence of an S-wave. However,
his is no longer the case in anisotropic elastic media in which the
hase velocity v and the direction cosines ni depend on the wave
ropagation direction i. Hence, P-waves in anisotropic media can,
n general, produce rotational motions. As a consequence, the mea-
urement of significant rotational signals during the passage of a
-wave can be regarded as an indicator of anisotropy.
To understand the behavior of the rotational motions in anisotrop-
c elastic media, we must first realize that the phase velocity v, the
olarization ni, and the material properties are bound by the Kelvin–
hristoffel equation see e.g., Musgarve, 1970; Carcione, 2001, p.
1
v2I3 ·u0, 4
here  is the material density — a constant isotropic parameter; I3
s the 33 identity matrix;  is the symmetric Kelvin–Christoffel
atrix
L ·C ·LT, 5
L1 0 0 0 3 20 2 0 3 0 10 0 3 2 1 0 , 6
nd C is the elastic modulus matrix and is given by
C
c11 c12 c13 c14 c15 c16
c12 c22 c23 c24 c25 c26
c13 c23 c33 c34 c35 c36
c14 c24 c34 c44 c45 c46
c15 c25 c35 c45 c55 c56
c16 c26 c36 c46 c56 c66
 . 7
Whenever a material possesses more than two independent pa-
ameters defining the entries of C, the seismic wave velocities differ
epending on the propagation direction and the material is called
anisotropic.” A material that has all 21 coefficients in C indepen-
ent is called a material of the triclinic symmetry class, or simply tri-
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g/linic material. This is the most general case of anisotropy and in-
ludes as special cases all of the other crystalline symmetry classes
i.e., monoclinic, trigonal, tetragonal, orthorhombic, hexagonal, cu-
ic, and isotropic. One of the most important anisotropy symmetry
lasses for seismological purposes is transverse isotropy. When the
ymmetry axis coincides with e3 the elastic modulus matrix CTI of a
ransversely isotropic material is see e.g., Thomsen, 1986; Car-
ione, 2001, p. 6
CTI
c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c55 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66
 , 2c66c11c12.
8
The isotropic case can be considered as a special case of anisotro-
y in which c11c22c332, c12c13c23, c44c55
c66 and all of the other coefficients are equal to zero. Here 
nd are the Lamé coefficients of the material.
Explicitly, the components of the Kelvin–Christoffel matrix are
11c111
2c662
2c553
22c56232c1531
2c1612
22c661
2c222
2c443
22c24232c4631
2c2612
33c551
2c442
2c333
22c34232c3531
2c4512
12c161
2c262
2c453
2 c46c2523
 c14c5631 c12c6612
13c151
2c462
2c353
2 c45c3623
 c13c5531 c14c5612
23c561
2c242
2c343
2 c44c2323
 c36c4531 c25c4612. 9
t is clear that equation 4 is an eigenequation for the eigenvalues
v2m and eigenvectors um, m1,2,3. The dispersion relation is
xpressed by
detv2I30, 10
rom which we can obtain the three phase velocities vm m1,2,3
s a function of the direction cosines i and the independent coeffi-
ients of the elastic modulus matrix C. These velocities correspond
o the three body wave modes propagating in an unbounded homo-
eneous medium: the highest value of vm corresponds to a quasi-P-
ave qP, whereas the other two correspond to quasi-S-waves qS1
nd qS2, usually ordered in descending vm value. For each solution
, we obtain from equation 4 an associated eigenvector u; hence, the
olarizations ni are fully determined. As a consequence, finding the
otation rates produced by any plane wave is possible for a given an-sotropic material. First, we set a propagation direction and wave
ode, so that we can find the values v and ni using equations 10 and
. Substituting these values into equation 3 and setting a value for the
ave’s peak displacement A and frequency, one finally obtains the
hree components of the rotation rate˙ .
We can now use the aforementioned process in an effort to visual-
ze the influence that anisotropy has in the behavior of the rotational
avefield. In Figure 1, we use a plotting similar to that used by de la
uente 2008 to depict the variability of the phase velocities and
eak rotation rates depending on the propagation direction. In partic-
lar, we show the values of peak rotation rates around two axes and
generated by plane waves in a transversely isotropic TImedium.
he three axes l corresponding to the propagation direction, , and
of an orthogonal Cartersian coordinate system are defined in Ap-
endix A. For the particular case of a wave propagating in the x di-
ection, we have le1,e3 ande3, so that the three directions
oincide with the Cartesian axes x, y, and z. The rotation rates in all
ases are obtained by rotating the three components of the rotation
ates that we obtained using equation 3, as shown inAppendix B. We
ssume plane harmonic waves of peak displacement A105 m
nd period T1 s propagating in Mesaverde clay shale. The elastic
arameters of the material are taken from Thomsen 1986 and are
resented in Table 1. The plots show the highest values phase veloc-
ty or rotation rates around  and components for each propaga-
ion direction. Our calculations for this particular material reveal
hat, for all qP-, qS1-, and qS2-waves, no rotational motion around
he wave-propagation direction l is generated. The same result i.e.,
he component of the rotation rate vector in the propagation direction
is zero is also obtained for the monoclinic, orthorhombic, and tri-
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igure 1. Example of isosurfaces of the peak phase velocity in km/s
left column and peak rotation rate around two axes  and mid-
le and right columns in nrad/s as a function of the wave propaga-
ion direction. The plots shown correspond to qP- top row, qS1-
middle row, and qS2- bottom rowwaves.Aplane harmonic wave
f peak displacement 105 m and period T1 s propagating in a TI
aterial Mesaverde clay-shale was assumed. The propagation di-
ection l of the plane wave together with the  and axes create an
rthogonal Cartesian axis system. The vertical propagation direction
n this example coincides with the symmetry axis of the TI material.
or all three wave types, no rotational motion around the propaga-
ion direction l is generated.
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g/linic materials for which the elastic coefficients were mentioned in
e la Puente 2008. In fact, this result follows directly from equation
if we project the value of the rotation rate on the l direction, which
esults in l ·˙ 0, regardless of the material’s properties.
Figure 1 shows us that the phase velocity and rotation rates strong-
y depend on the wave’s propagation direction. The anisotropic be-
avior is clearly revealed by the apparition of rotational motions
aused by qP-waves, which should be zero for all directions in ho-
ogeneous isotropic materials, as we mentioned previously. This
gain suggests that qP rotational motions contain information on an-
sotropic properties of the medium. It should be noted that there is
ore than one order of magnitude difference between the rotational
mplitude of qP-waves and that of qS-waves in this example. Thus,
o know if qP rotational motions can be used for inversion, it is fun-
amental to investigate the magnitude of the rotation rates associat-
d with qP for different levels of anisotropy.
Although there are several symmetry classes in anisotropy, the
lastic anisotropy of rocks is usually moderate and, in most cases, a
I symmetry is sufficient to describe its effects in the wavefield e.g.,
svankin, 1996; Guéguen and Sarout, 2009. Moreover, transverse
sotropy is also acknowledged as the anisotropic case of broadest
eophysical applicability Thomsen, 1986. Thus, hereafter in this
tudy our investigations focus only on the rotational motions caused
y qP-waves in the particular case of a e1,e3 plane of a TI medium
ith e3 as the axis of symmetry.
Before going further, we attempt to verify the analytical equations
hat we have. We will compare in the following section the peak rota-
ion rates of qP-waves obtained using this analytical solution with
he results obtained from numerical simulations using the ADER-
G method the combination of a Discontinuous Galerkin finite ele-
ent method and an Arbitrary high-order DERivative time integra-
ion approach developed by Dumbser and Käser, 2006 and extended
o anisotropic materials by de la Puente et al., 2007.
qP ROTATIONAL MOTIONS IN TI MEDIA
When considering plane P-waves propagating in the e1,e3 plane
20, n20 of a TI medium whose symmetry axis is e3, equation
can be rewritten as
˙ 
A
2
2
v  03n11n30 exp	i
t 1v l ·x, 11
nd the Kelvin-Christoffel equation 4 can be simplified as
c111
2c553
2v2 0 c13c5513
0 c6612c5532v2 0
c13c5513 0 c5512c3332v2

·u1u2
u3
0. 12
able 1. Elastic coefficients for the TI material (Mesaverde cl
c11 c12 c13 c22
590 66.6 19.7 39.4 66.6
The material density  is given in kg·m3.All of the other coefficquation 12 shows the dispersion relation for coupled waves qPand
SV
c111
2c553
2v2c551
2c333
2v2 c13
c5521
23
20, 13
hat allows estimating the phase velocitiesv of qP-waves as see e.g.,
svankin, 1995a; Carcione, 2001
 21/2c1112c3332c55D, 14a
c11c5512 c55c333224c13c55132.
14b
he polarization of qP can be inferred from equations 12 and 13
n1
n3

u1
u3
sc5512c3332v2
c111
2c553
2v2
, 15
here s1 if 13c1112c5532v20; s1 if 13c1112
c553
2v2  0.
In the e1,e3 plane u20, using n12n321 and equation 15 we
btain
n1s c5512c3332v2
c111
2c333
2c552v2
, 16
n3 c1112c5532v2
c111
2c333
2c552v2
. 17
ubstituting equations 14a, 16, and 17 into equation 11, the rotation
ates induced by plane P-waves propagating in the e1,e3 plane of a
I material with e3 as the axis of symmetry can be expressed as a
unction of the propagation direction as
˙ A2 
2c111
2c333
2c55D
0
3n11n3
0 
exp	i
t 1
v
l ·x, 18a
1sD c55c1112 c33c55322D , 18b
3D c55c1112 c33c55322D , 18c
s1 if 13c11c551
2 c55c333
2D
0, 18d
le), given in †109 N·m2‡.
c23 c33 c44 c55 c66
39.4 39.9 10.9 10.9 23.45
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g/s1 if 13c11c551
2 c55c333
2D0.
18e
ssuming that  is the angle between the wave propagation direc-
ion l and the symmetry axis e3 of the TI medium, we have
1sin  19a
3cos  . 19b
his substitution allows us to calculate the rotation rates induced by
lane P-waves propagating in the e1,e3 plane of a TI material as a
unction of .
To evaluate the correctness of the analytical solution, we model
he synthetic seismograms created by a plane P-wave of dominant
eriod of 1 s propagating upward through a TI medium that the sym-
etry axis belongs to the e1,e3 plane. A model of 30,000 m length,
0,000 m width, and 20,000 m depth is used. The material chosen is
esaverde clay shale Table 1. To check the effect of different inci-
ence angles, we rotate the symmetry axis of the material a full circle
nside the e1,e3 plane with steps of 5°. Such rotation of the material,
aving fixed the propagation direction of the plane wave, is equiva-
ent to a test in which the material is fixed and the wave propagation
irection l is rotated. In total, we investigate 72 different cases char-
cterized by the angle between the material’s symmetry axis and the
ertical axis, ranging from 0° to 360°.
Six-component seismograms three components of rotation rates
nd three components of translational velocities are calculated us-
ng theADER-DG method. The modeling parameters are detailed in
able 2.
The simulation results show that there is only rotational signal
round the e2 axis, as we expected from theory see equation 18. We
uperimpose the normalized peak rotation rates around the e2 axis
btained from the simulations and the analytic approach as a func-
ion of the angle  between the wave propagation direction and the
ymmetry axis of the material in a polar coordinate system. The ex-
ellent fit between both results presented in Figure 2 indicates the
onsistency of the analytical and numerical solutions.
We summarize that, for homogeneous anisotropic elastic media,
e can estimate the rotational motions caused by a certain plane
ave as a function of propagation direction and elastic coefficients.
he anisotropic behavior is clearly revealed by the appearance of qP
otational motions. In the following, we extend the analytical equa-
able 2. The modeling parameters used in this study.
esh type Hexahedral
lement edge length 1000 m
otal number of elements 18,000
olynomial degree inside elements 3
umber of processors 64
ength of seismograms 5 s
oundary conditions Absorbing top,
inflow bottom,
periodic sides
verage time step 1.4085102 s
un time per simulation 50 sions to be able to infer the magnitude of the rotation rates associated
ith qP depending on the degree of anisotropy of the material.
MAGNITUDE OF qP ROTATIONS IN TERMS
OF THOMSEN PARAMETERS
As reported by Thomsen 1986, for the case of transverse isotro-
y, an alternative and more descriptive set of parameters can be used
o fully describe the medium’s properties in substitution of the five
lastic coefficients presented in equation 8. These parameters are the
wo elastic equivalent quantities 	0 and 
 0 and three coefficients  ,
, and  * usually called Thomsen parameters expressed as follows
0c33

, 20
0c55

, 21

c11c33
2c33
, 22

c66c55
2c55
, 23
igure 2. Variations of the normalized peak rotation rate induced by
qP-wave of period T1 s propagating in a vertical plane of a TI
edium Mesaverde clay shale as a function of the angle between
he wave propagation direction and the symmetry axis of the medi-
m. The results are presented in a polar coordinate system. Solid
ineanalytic results, dash-dot linenumerical simulation results
sing theADER-DG method.
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2c33
2 2c13c55
2 c33c55c11c332c55 .
24
he coefficients  , , and  * are dimensionless anisotropy parame-
ers that fully characterize the strength of the anisotropy. Thus, to
uantify the magnitude of qP rotations in anisotropic elastic media,
n this section we investigate the dependence of the peak rotation
ate values of qP-waves on these Thomsen parameters.
As mentioned by Tsvankin and Thomsen, 1994 and Tsvankin,
995b, the parameter  does not affect the propagation of the qP- or
he qSV-waves in TI media. Only the SH mode depends on this pa-
ameter. This can also be recognized from equation 13. For the cou-
led waves, neither the phase velocities nor the Kelvin–Christoffel
quations depend on c66. As a consequence, the rotation rates in-
uced by qP-waves are also independent of c66 see equation 18.
his means that, in a certain TI medium with a constant value of 
 0
or equivalently c55, the qP rotation rates are independent of  see
quations 21 and 23. Hence, we consequently skip the parameter 
n the following. We quantify the peak rotation rates of the qP-waves
enerated in TI materials with different levels of anisotropy only as a
unction of the two parameters  and  *.
We define a set of elastic modulus matrices C by assuming fixed
alues of 	0, 
 0, , and  and letting  and  * take different values.
or each , * couple, we aim to obtain the peak rotation rates pro-
uced by a qP-wave traveling in any direction. To this goal, for each
lastic modulus matrix C and for each propagation direction, we first
xtract the phase velocity and the polarization of the considered qP-
ave by solving equation 10. The corresponding rotation rates are
alculated using equation 3. The corresponding peak rotation rate
an be then obtained trivially from the full rotation rate vector. In this
ay, we obtain the peak qP rotation rate that can be generated by a
ertain plane wave in the considered materials, each characterized
y its  and  * values, in all propagation directions l. We consider
alues of  ranging from 0 to 0.35 and those of  * from0.3 to 1.
hese values cover most TI cases observed Thomsen, 1986. Four
ase studies are investigated: 1 a plane wave of peak ground dis-
lacement PGD 355.78 nm and period T1 s caused by a distant
arthquake propagating through bedrock; 2 a plane wave of PGD
48104 m and period T0.8 s can be caused by a local earth-
uake M7.0, epicenter distance 100 km propagating through bed-
ock; 3 a plane wave of PGD106 m and frequency f150 Hz
can originate from a microseismic event of Mw0 at hypocenter
istance of approximately 1 km propagating through reservoir
ock; and 4 a plane wave of PGD180.35106 m and f
5 Hz can be caused by an air-gun experiment propagating
hough reservoir rock see Chen et al., 2008. For each case study,
able 3. Parameters used for quantifying peak rotation rates
tudies.
ase study
Peak ground
displacement m
. Bedrock/distant earthquake 355.78109
. Bedrock/local earthquake 48104
. Reservoir/microseismic event 106
. Reservoir/air-gun experiment 180.35106easonable values of 	0, 
 0, and mass density  are used and are de-
ailed in Table 3. Because of the independence of the qP rotation
ates on , any arbitrary value of this Thomsen parameter can be tak-
n. Here we note that the first case study is based on measurements of
he 25 September 2003 M8.1 Tokachi-oki earthquake at the Wettzell
tation in southeast Germany see Pham et al., 2009a except for the
nisotropy, which has been solely added for the purpose of the re-
earch presented here.
We compute for each of the four study cases the peak rotation rates
f qP-waves generated in different TI materials for a set of  and  *
alues. The results are given in Figures 3–6. Every point in the plot
epicts the maximum qP rotation rate among all propagation direc-
ions for a given couple of values of , *. A general trend that can
e observed is that peak qP rotation rates are higher with increasing
alues of  and  *. In particular, if we look at the results obtained for
he case of the distant earthquake Figure 3, we can safely conclude
hat, if we consider weakly anisotropic bedrock under Wettzell Lee
t al., 2009b, we should measure qP rotation rates of at most 5
1011 rad /s. This value is much smaller than the amplitude 6.3
1010 rad /s observed in P coda rotations, as reported by Pham et
l. 2009a. However, for the other three study cases, significant am-
litudes of qP rotation rates are expected Figures 4–6. With peak
P rotation rates in the order of rad /s, even in weakly anisotropic
aterials the signals can be recorded with current instrument tech-
ology Nigbor et al., 2009; Wassermann et al., 2009.
DISCUSSION
The rotational motion of qP-waves studied in this paper is another
xpression of the polarization deviation of the P-waves in anisotrop-
c media studied in earlier papers e.g., Pšenčík and Gajewski, 1998;
heng and Pšenčík, 2002. However, at the beginning of this study it
as not clear how anisotropy affects rotational ground motions and
f rotational motions can help putting constraints on anisotropic
roperties. The results obtained in this paper under the assumption of
lane wave propagation show that 1 anisotropic behavior in elastic
edia can be recognized from rotational motion records, especially
y the appearance of qP rotations; 2 for typical reservoir situations
nd strong local earthquakes qP rotation signals are significant, re-
ordable, and can be used for inverse problems.
It should be noted that our original motivation to study the relation
etween anisotropy and rotational motions comes from efforts to ex-
lain the observed P coda rotations reported by Igel et al. 2007 and
ham et al. 2009b. At the beginning of this study, it was unclear
hether rotational motions induced by qP-waves in anisotropic me-
ia contribute to the observed rotational signals in the P coda. Relat-
waves in terms of the Thomsen parameters for four case
nsidered
riod s 	0 m/s 
 0 m/s  kg /m3
1 6600 3700 2900
0.8 6600 3700 2900
1 /150 3928 2055 2590
0.2 3928 2055 2590of qP-
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g/d to this, several results obtained in the study presented here need to
e mentioned. First, although anisotropy does generate qP rotations,
or teleseismic wavefields the rotational energy induced by aniso-
ropic effects is expected to be much smaller than the observed one in
he Pcoda. Second, it is evident from equation 3 that translational ac-
eleration and the resulting qP rotation rates would have the same
aveforms coinciding in time. However, as reported by Pham et al.
2009b, the P coda rotations observed at the Wettzell station come
ater than the appearance of direct P-waves. These results demon-
trate that anisotropic qP rotational signals cannot be the main cause
f the observed P coda rotations. The difference in the arrival time of
nisotropic qP rotational motions and scattering P coda rotations can
e used to separate these two cases for specific purposes when a het-
rogeneous medium is present.
*δ
ε
0.8
0.6
0.4
0.2
0.0
–0.2
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
igure 3. The maximum peak rotation rates in 1011 rad /s caused
y plane P-waves in a full space TI medium as a function of the
homsen parameters  and  *, as expected for a distant earthquake
ith PGD of 355.78 nm and period T1 s. A vertical P velocity 	0
6600 m /s, vertical S velocity 
 03700 m /s, and 2900
g /m3 were assumed. Every point in the plot depicts the maximum
P rotation rate among all propagation directions for a given couple
f values of ,  *.
*δ
ε
0.8
0.6
0.4
0.2
0.0
–0.2
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
igure 4. The maximum peak rotation rate in 107 rad /s caused by
P-waves in a full space TI medium as a function of the Thomsen pa-
ameters  and  *, as expected for a local earthquake with PGD 48
104 m and period T0.8 s. A vertical P velocity 	0
6600 m /s, vertical S velocity 
 03700 m /s, and 2900
g /m3 were assumed. Every point in the plot depicts the maximum
P rotation rate among all propagation directions for a given couple
f values of ,  *.CONCLUSIONS
In summary, we conclude that rotational motions contain addi-
ional information about the material’s anisotropic properties and
hat joint measurements of translational and rotational motions of
P-waves in anisotropic media might allow one to constrain aniso-
ropic parameters. Our results not only demonstrate the potential
enefit of measurements of rotational ground motions but also pose
everal issues that need to be addressed in the future.
 Because we have shown that the amplitudes of the qP rotational
motions generated in anisotropic materials are high enough to
be observed and recorded, one of the key questions is: Can we
extract additional information about the material’s properties
using qP rotations?
*δ
ε
0.8
0.6
0.4
0.2
0.0
–0.2
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
igure 5. The maximum peak rotation rate in 106 rad /s caused by
P-waves in a full space TI medium as a function of the Thomsen pa-
ameters  and  * as expected for a reservoir microseismic event
ith PGD of 106 m and frequency f150 Hz. A vertical P veloci-
y 	03928 m /s, vertical S velocity 
 02055 m /s, and 
2590 kg /m3 were assumed. Every point in the plot depicts the
aximum qP rotation rate among all propagation directions for a
iven couple of values of ,  *.
*δ
ε
0.8
0.6
0.4
0.2
0.0
–0.2
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
igure 6. The maximum peak rotation rate in 107 rad /s caused by
P-waves in a full space TI medium as a function of the Thomsen pa-
ameters  and  * as expected for an air-gun experiment in a reser-
oir area with PGD 180.35106 m and frequency f5 Hz. A
ertical P velocity 	03928 m /s, vertical S velocity 
 0
2055 m /s, and 2590 kg /m3 were assumed. Every point in
he plot depicts the maximum qP rotation rate among all propagation
irections for a given couple of values of ,  *.
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g/ In the study presented here, we focus mainly on qP-waves, the
rotational motions of which are completely independent of the
Thomsen parameter  . Thus, the consideration of this measure
of S anisotropy i.e.,   is out of the framework of this paper.
Theoretically, qS motions also contain additional information.
Can we constrain the Thomsen parameter  using measure-
ments of rotational motions of qS-waves? What additional in-
formation can be extracted if these motions are used?
 The well-known result for isotropic media that the rotation vec-
tor is orthogonal to the propagation direction i.e., the compo-
nent of the rotation rate vector in the propagation direction is
zero is theoretically and numerically demonstrated to also
hold for anisotropic media. This opens an opportunity to inves-
tigate scattering properties of heterogeneous media on the basis
of variations of rotational motions around the wave propaga-
tion direction.
Finally, the applicability of the presented theory to real data will
est on the ability to develop reliable sensors borehole- and surface-
ased for rotational motions with a broad enough frequency band-
idth and dynamic range.
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APPENDIX A
ORTHOGONAL CARTESIAN COORDINATE
SYSTEM , , 
For the purpose of visualization of the influence that anisotropy
as in the behavior of the rotational wavefield, an orthogonal Carte-
ian coordinate system l, , is used in the paper see Figure A-1.
he system is defined as follows. We first build the unit vector l
1,2,3 so that its axis coincides with the wave propagation di-
ection. Furthermore, we generate a set of three auxiliary vectors p,
, and r that will help us define the two remaining axes of our Carte-
ian coordinate system. These are defined as
p 1,2,0, A-1
q 0,3,2, A-2
r 3,0,1 . A-3
he definition of the two remaining Cartesian axes will depend on
hether the auxiliary vectors are collinear or not and whether one ofhem is the vector 0. The three distinct cases are described as follows.
f lp  0, then is defined as
 lp 23,13,212 . A-4
f lp0 and lq  0, then is defined as
 lq 2
23
2
,12,13 . A-5
f lp0 and lq0, then is defined as
 lr 12,3
21
2
,23 . A-6
he vector is always obtained by cross product of l and,
 l. A-7
APPENDIX B
AXIS TRANSFORMATIONS OF ROTATIONS
To set up the relationship between components of a rotational
otion in two orthogonal Cartesian coordinate systems x,y,z and
x*,y*,z*, we start by recalling the definition of the rotation rate

˙
x
˙ y
˙ z
 12 V 12yVzzVyzVxxVzxVyyVx, B-1
here V is the ground translational velocity and ˙ is the rotation
ate.
In the x*,y*,z* system, we can similarly find that
˙ x
*
1
2
y*Vz*z*Vy* . B-2
he relationship between the components of the translational mo-
ion in the two systems can be expressed as
V*AV, B-3
hich explicitly can be written as
l
e1
l3
e2
l1
θ
φ
l2
e3
igure A-1. Illustration of the orthogonal Cartersian coordinate sys-
em l,, used in this study.
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*
Vy*
Vz*
a11 a12 a13a21 a22 a23
a31 a32 a33
VxVy
Vz
, B-4
here aijei* .ejcos 	 ij i1, 2, 3; j1, 2, 3 are the so-called
irection cosines; 	 ij are angles between two sets of axes; and
e1*,e2*,e3* and e1,e2,e3 denote the unit basis vectors of the axes of
he two systems.
Using B-4, equation B-2 can be rewritten as
˙ x
*
1
2
a31y*Vxa32y*Vya33y*Vz a21z*Vx
a22z*Vya23z*Vz . B-5
ow we use the Jacobian of the transformation to obtain the deriva-
ives in the new coordinate system.
x*
x
x*
x
y
x*
y
z
x*
za11xa12ya13z,
B-6
y*
x
y*
x
y
y*
y
z
y*
za21xa22ya23z,
B-7
z*
x
 z*
x
y
z*
y
z
z*
za31xa32ya33z.
B-8
ubstituting B-6–B-8 and B-5, we find that
˙ x
*
1
2	a33a22a32a23
 Vzy  Vyz  a31a23
a33a21
 Vxz  Vzx  a32a21a31a22
 Vyx

Vx
y  B-9
hich leads to the final form
˙
x
* a33a22a32a23˙ x a31a23a33a21˙ y a32a21
a31a22˙ z. B-10
imilarly, we also obtain
˙
y
* a13a32a33a12˙ x a11a33a31a13˙ y a12a31
a32a11˙ z, B-11
˙ z
* a23a12a13a22˙ x a21a13a11a23˙ y a11a22
a a ˙ . B-1212 21 zhe last three equations can be written in the compact form
˙ * A1T˙ , B-13
hich we can compare to B-3 to see how the rotation-rate vector can
e transformed into a rotated Cartesian system once we know the ex-
ression of the unitary vectors e1*,e2*,e3* that form the basis of the
ew system.
REFERENCES
ki, K., and P. G. Richards, 2002, Quantitative seismology, 2nd ed.: Univer-
sity Science Books.
ernauer, M., A. Fichtner, and H. Igel, 2009, Inferring earth structure from
combined measurements of rotational and translational ground motions:
Geophysics, 74, no. 6, WCD41–WCD47.
arcione, J. M., 2001, Wave fields in real media: wave propagation in aniso-
tropic, anelastic and porous media, 31: Pergamon.
hen, Y., L. Liu, H. Ge, B. Liu, and X. Qiu, 2008, Using an airgun array in a
land reservoir as the seismic source for seismotectonic studies in northern
China: experiments and preliminary results: Geophysical Prospecting, 56,
no. 4, 601–612.
ochard, A., H. Igel, B. Schuberth, W. Suryanto, A. Velikoseltsev, U.
Schreiber, J. Wassermann, F. Scherbaum, and D. Vollmer, 2006, Rotation-
al motions in seismology: theory, observations, simulation, in R. Teis-
seyre, M. Takeo, and E. Majewski, eds., Earthquake source asymmetry,
structural media and rotation effects: Springer-Verlag, 391–412.
rampin, S., 1981, Areview of wave motion in anisotropic and cracked elas-
tic-media: Wave Motion, 3, no. 4, 343–391.
rampin, S., 1984, Effective anisotropic elastic-constants for wave propaga-
tion through cracked solids: Geophysical Journal of the Royal Astronomi-
cal Society, 76, 135–145.
rampin, S., E. M. Chesnokov, and R. G. Hipkin, 1984, Seismic anisotropy
— the state of the art II: Geophysical Journal of the Royal Astronomical
Society, 76, 1–16.
rampin, S., R. A. Stephen, and R. McGonigle, 1982, The polarization of
P-waves in anisotropic media: Geophysical Journal of the Royal Astro-
nomical Society, 68, 477–485.
e la Puente, J., 2008, Seismic wave propagation for complex rheologies:
VDM Verlag.
e la Puente, J., M. Käser, M. Dumbser, and H. Igel, 2007, An arbitrary high
order discontinuous Galerkin method for elastic waves on unstructured
meshes IV: Anisotropy: Geophysical Journal International, 169, no. 3,
1210–1228.
umbser, M., and M. Käser, 2006, An arbitrary high order discontinuous
Galerkin method for elastic waves on unstructured meshes II: the three-di-
mensional isotropic case: Geophysical Journal International, 167, no. 1,
319–336.
erreira, A., and H. Igel, 2009, Rotational motions of seismic surface waves
in a laterally heterogeneous earth: Bulletin of the Seismological Society of
America, 99, 2B, 1429–1436.
ichtner, A., and H. Igel, 2009, Sensitivity densities for rotational ground
motion measurements: Bulletin of the Seismological Society of America,
99, 2B, 1302–1314.
uéguen, Y., and J. Sarout, 2009, Crack-induced anisotropy in crustal rocks:
predicted dry and fluid-saturated Thomsen’s parameters: Physics of the
Earth and Planetary Interiors, 172, no. 1–2, 116–124.
gel, H., A. Cochard, J. Wassermann, A. Flaws, U. Schreiber, A. Velikoselt-
sev, and N. D. Pham, 2007, Broadband observations of earthquake in-
duced rotational ground motions: Geophysical Journal International, 168,
no. 1, 182–196.
gel, H., U. Schreiber, A. Flaws, B. Schuberth, A. Velikoseltsev, and A. Co-
chard, 2005, Rotational motions induced by the M8.1 Tokachi-oki earth-
quake, September 25, 2003: Geophysical Research Letters, 32, L08309.
arner, K., 1993, Dip-moveout error in transversely isotropic media with lin-
ear velocity variation in depth: Geophysics, 58, 1442–1453.
ee, H. K. W., H. Igel, and M. D. Trifunac, 2009a, Recent advances in rota-
tional seismology: Seismological Research Letters, 80, no. 3, 479–490.
ee, H. K. W., M. Çelebi, M. I. Todorovska, and H. Igel, 2009b, Introduction
to the special issue on rotational seismology and engineering applications:
Bulletin of the Seismological Society ofAmerica, 99, 2B, 945–957.
cLeod, D. P., G. E. Stedman, T. H. Webb, and U. Schreiber, 1998, Compar-
ison of standard and ring laser rotational seismograms: Bulletin of the
Seismological Society ofAmerica, 88, 1495–1503.
usgarve, M. J. P., 1970, Crystal acoustics: Holden-Day.
igbor, R. L., J. R. Evans, and C. R. Hutt, 2009, Laboratory and field testing
of commercial rotational seismometers: Bulletin of the Seismological So-
ciety ofAmerica, 99, 2B, 1215–1227.
PP
P
P
S
S
S
S
S
T
T
T
T
T
T
W
W
Z
D56 Pham et al.
D
ow
nl
oa
de
d 
07
/2
6/
13
 to
 1
61
.1
11
.1
38
.2
21
. R
ed
ist
rib
ut
io
n 
su
bje
ct 
to 
SE
G 
lic
en
se 
or 
co
py
rig
ht;
 se
e T
erm
s o
f U
se 
at 
htt
p:/
/lib
rar
y.s
eg
.or
g/ancha, A., T. H. Webb, G. E. Stedman, D. P. McLeod, and U. Schreiber,
2000, Ring laser detection of rotations from teleseismic waves: Geophysi-
cal Research Letters, 27, no. 21, 3553–3556.
šenčík, I., and D. Gajewski, 1998, Polarization, phase velocity and NMO
velocity of qP-waves in arbitrary weakly anisotropic media: Geophysics,
63, 1754–1766.
ham, D. N., H. Igel, J. Wassermann, A. Cochard, and U. Schreiber, 2009a,
The effects of tilt on interferometric rotation sensors: Bulletin of the Seis-
mological Society ofAmerica, 99, 2B, 1352–1365.
ham, D. N., H. Igel, J. Wassermann, M. Käser, J. de la Puente, and U.
Schreiber, 2009b, Observations and modelling of rotational signals in the
P-coda: constraints on crustal scattering: Bulletin of the Seismological So-
ciety ofAmerica, 99, 2B, 1315–1332.
ams, M. S., M. H. Worthington, M. S. King, and M. S. Khanshir, 1993, A
comparison of laboratory and field measurements of P-wave anisotropy:
Geophysical Prospecting, 41, no. 2, 189–206.
chreiber, U., G. E. Stedman, H. Igel, and A. Flaws, 2006, Ring laser gyro-
scopes as rotation sensors for seismic wave studies, in R. Teisseyre, M.
Takeo, and E. Majewski, eds., Earthquake source asymmetry, structural
media and rotation effects: Springer-Verlag, 377–390.
chreiber, K. U., J. N. Hautmann, A. Velikoseltsev, J. Wassermann, H. Igel,
J. Otero, F. Vernon, and J. P. R. Wells, 2009, Ring laser measurements of
ground rotations for seismology: Bulletin of the Seismological Society of
America, 99, 2B, 1190–1198.
tein, S., and M. Wysession, 2003, An introduction to seismology, earth-
quake, and earth structure: Blackwell Press.uryanto, W., H. Igel, J. Wassermann, A. Cochard, B. Schuberth, D. Vollmer,
F. Scherbaum, U. Schreiber, and A. Velikoseltsev, 2006, First comparison
of array-derived rotational ground motions with direct ring laser measure-
ments: Bulletin of the Seismological Society of America, 96, no. 6,
2059–2071.
akeo, M., and H. M. Ito, 1997, What can be learned from rotational motions
excited by earthquakes?: Geophysical Journal International, 129, no. 2,
319–329.
homsen, L., 1986, Weak elastic anisotropy: Geophysics, 51, 1954–1966.
svankin, I., 1995a, Seismic wavefields in layered isotropic media: Samizdat
Press.
svankin, I., 1995b, Body-wave radiation patterns and AVO in transversely
isotropic media: Geophysics, 60, 1409–1425.
svankin, I., 1996, P-wave signatures and notation for transversely isotropic
media: an overview: Geophysics, 61, 467–483.
svankin, I., and L. Thomsen, 1994, Nonhyperbolic reflection moveout in
anisotropic media: Geophysics, 59, 1290–1304.
ang, Z., 2002, Seismic anisotropy in sedimentary rocks. Part 2: laboratory
data: Geophysics, 67, 1423–1440.
assermann, J., S. Lehndorfer, H. Igel, and U. Schreiber, 2009, Performance
test of a commercial rotational motion sensor: Bulletin of the Seismologi-
cal Society ofAmerica, 99, 2B, 1449–1456.
heng, X., and I. Pšenčík, 2002, Local determination of weak anisotropy pa-
rameters from qP-wave slowness and particle motion measurements: Pure
andApplied Geophysics, 159, no. 7–8, 1881–1905.
